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a b s t r a c t 
The effect of the spread of Artiﬁcial Intelligence (AI) on wages depends on both the form of 
aggregate production relationships and the elasticity of substitution between human and 
robotic labor. With a conventional production function involving labor, robots, and ordi- 
nary capital, an increase in robotic labor can have either a positive or a negative effect on 
wages. Alternatively, it is possible to estimate the aggregate production relationship with- 
out measuring capital or other ﬁxed factors explicitly, using the procedure developed by 
Houthakker in the 1950s. Houthakker’s method is based on the probability distribution of 
the productivity of the variable factor. Fitting different distributions to cross-sectional data 
on U.S. productivity, it is shown that if the elasticity of substitution between human and 
robotic labor is greater than about 1.9, the burgeoning of AI technologies will cause a de- 
cline in aggregate wages, other things equal. For the manufacturing sector, an even smaller 
human-robot elasticity of substitution is likely to result in declining wages of industrial 
workers as robots proliferate. 
© 2016 The Authors. Published by Elsevier Inc. 
This is an open access article under the CC BY-NC-ND license 
( http://creativecommons.org/licenses/by-nc-nd/4.0/ ). 
 
 
 
 
 
 
 
 
 
 
 1. Introduction 
Ever since the time of the Luddites and the early classical economists, replacement of human workers by machines has
been a matter of concern. Equally important, especially in recent years, has been the question of whether (or by how much)
the rise of Artiﬁcial Intelligence (AI) and automation more generally have contributed or will contribute to economic in-
equality. It should be recognized at the outset that the term “Artiﬁcial Intelligence” is diﬃcult to deﬁne. In his philosophical
paper on machine intelligence, Turing (1950) dismissed the question of whether a ‘machine’ can ‘think’ as meaningless, and
replaced it with his clearly speciﬁed ‘imitation game’. In the present paper, “AI” will designate the broad suite of technolo-
gies that can match or surpass human capabilities, particularly those involving cognition. Systems with these qualities will
be referred to as “robots” for short. 1 
The purpose of this paper is to examine, in a simple model, conditions under which AI will lead to a decrease in ag-
gregate wages, focusing on the role of the elasticity of substitution between human and robotic labor. I do so by using
Houthakker’s (1955–56) method for estimating production relationships without the need for estimating an aggregate pro-
duction function or constructing estimates of the aggregate capital stock. My results using U.S. productivity data at the This research did not receive any speciﬁc grant from funding agencies in the public, commercial, or not-for-proﬁt sectors. 
E-mail address: decanio@econ.ucsb.edu 
1 Here and throughout the paper, “robots” are machines endowed with artiﬁcial intelligence, as distinct from the (often sophisticated) single-purpose 
machinery currently used in some production processes. 
http://dx.doi.org/10.1016/j.jmacro.2016.08.003 
0164-0704/© 2016 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND license 
( http://creativecommons.org/licenses/by-nc-nd/4.0/ ). 
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 5-digit level of disaggregation imply that if the elasticity of substitution between human and robotic labor is greater than
about 1.9, the spread of AI technologies will cause a decline in aggregate wages, other things equal. 
Both Ricardo and Marx believed that there were underlying downward pressures on wages in a capitalist economy, al-
though they also recognized the possibility of offsetting factors. 2 The remarkable across-the-board rise in material standards
of living in the capitalist countries over the course of the 19th and 20th centuries may seem to have put to rest the concerns
of the early economists. Per capita incomes have risen by at least an order of magnitude, and living standards certainly by
more, if the cornucopia of previously unimaginable goods and services is taken into account. No one in Marx’s or Ricardo’s
time could have imagined what life would be like for even the poorest members of a modern market economy. 
However, by now it is widely accepted that technological progress can interact with the labor market to increase em-
ployment in some occupations or sectors while decreasing it in others ( Baumol, 1967; Katz and Murphy, 1992; Krusell
et al., 20 0 0; Acemoglu, 20 02; Saint-Paul, 20 08; Acemoglu and Autor 2011; Autor, 2014; Goos et al., 2014; Rodrik, 2016 ).
Employment and wage shifts also may be driven by changes in the relative output demands and prices (Goos et al., op. cit;
Autor and Dorn, 2013 ). This modern literature has tended to focus on the implications of skill biases in technological change
for the distributions of employment and wages, and on the causes of the “polarization” of employment. 3 Technology is not
the whole story, of course; globalization (which itself is partly a function of technological progress in transportation and
communications) and government policies have played a role in changing patterns of employment and wages. 
Aside from these shifts within the labor market, the twin specters of technological unemployment and wage decline
in the aggregate have never disappeared entirely. Keynes (1930, p. 3) , writing during the Great Depression, was optimistic
that humankind would solve the problem of economic scarcity in the long run, but he still worried that “[w]e are being
aﬄicted with a new disease of which some readers may not yet have heard the name, but of which they will hear a
great deal in the years to come–namely, technological unemployment. This means unemployment due to our discovery of
means of economising the use of labour outrunning the pace at which we can ﬁnd new uses for labour”. More recently,
Meade (1964) wrote that “[automation] could conceivably reduce so much the amount of labour needed with each new
machine of a given cost that the total demand for labour was actually reduced….[This] might require an absolute reduction
in the real wage on eﬃciency grounds” (pp. 25–26). In recent years, the potential economy-wide impacts of AI and robotics
have been the subject of lively debate, with treatments ranging from the scholarly to the hyperbolic ( Bostrom, 2014; Brain,
2015; Brynjolfsson and McAfee, 2011; Fingar, 2015; Ford, 2009; Mishel et al., 2013; Hanson 20 01; Kurzweil 20 05; Oran 2016 ).
This is just a sample; references to the beneﬁts and/or dangers of AI could be multiplied. 
2. An elementary model with human labor, capital, and robots 
Introduction of new techniques is bound to disrupt production and labor markets. Some skills will be rendered obsolete,
while new skills may be required to implement the improved technology. At the same time, the increase in total productivity
brought about by the technological change will increase total output, which may be associated with new entrepreneurial
opportunities and jobs. The destruction of some jobs (and the devaluation of some forms of existing capital equipment) and
their replacement by new jobs and/or new equipment constitutes Schumpeter’s (1950) “creative destruction”. 4 However,
the historical tendency for employment and wages to increase as technological progress occurs is an empirical, historical
phenomenon; it is not a law of nature or of economics. To assess the impact of technical progress on aggregate employment
and wages, some measure of the substitutability of labor and the new technology is required, along with a way of calculating
the overall increase in output that accompanies the technological change. 
First consider elementary models of aggregate production. The simplest of all is a two-factor aggregate production func-
tion Q = Q ( L,K ) with L being the “labor” input and K being a “capital” input that includes robotic capital. Assume only that
the labor market is competitive and proﬁts are maximized. Under these conditions the wage is equal to the value of the
marginal product of labor, or w = ∂ Q/ ∂ L . The single output Q is the numeraire with price equal to one, so ∂ Q/ ∂ L does not
have to be multiplied by any price to give the real wage rate. Thus, an increase in robotic capital (which will register as an
increase in K ) will reduce the wage if and only if ∂ / ∂ K ( ∂ Q/ ∂ L ) = ∂ 2 Q/ ∂ L ∂ K < 0. 
Here and throughout the paper, the calculations are of a short-run comparative statics nature in that the capital and
human labor inputs are held ﬁxed as the robotic input changes. Obviously, the longer-run equilibrium wage will depend
on the response of labor supply to changes in the wage, and to adjustments to the capital stock as prices and technology
change. These considerations do not vitiate the usefulness of the comparative statics analysis, the purpose of which is to
isolate the direct effects of an increase in the employment of robots. Some of the other potential consequences of the spread
of AI on labor supply will be mentioned in Section 6 below. 2 Ricardo (1817) thought that “[n]otwithstanding the tendency of wages to conform to their natural rate, their market rate may, in an improving society, 
for an indeﬁnite period, be constantly above it” so he did not take the position that living standards would necessarily fall over time in absolute terms. Marx 
associated the “immiseration of the proletariat” with economic crises ( Ball, 1991 ), although he also/sometimes held that the advancement of mechanical 
techniques and the accumulation of capital would tend to depress wages. Marx’s views on the historical course of workers’ well-being were more nuanced 
than simply that workers would become poorer over time, as discussed in Nicolaus (1973) . 
3 “Polarization” refers to the phenomenon of increased employment at the upper and lower ends, and decreases in the middle of the wage distribution. 
4 Schumpeter popularized the term “creative destruction,” but the idea that capitalist economies undergo episodes of endogenously-caused destruction 
of wealth can be traced back to Marx, as detailed in the lengthy Wikipedia (2015) entry on “Creative Destruction”. 
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 It is easy to show that for any two-factor constant returns to scale production function, the elasticity of substitution σ is
given by the expression [ ( ∂ Q/ ∂ L ) ( ∂ Q/ ∂ K )] ÷ [ Q ∂ 2 Q/ ∂ L ∂ K ] ( Sato, 1975 , pp. xxix-xxx). 5 The marginal products of both factors
must be positive and the elasticity of substitution is always a non-negative number, so it follows that ∂ 2 Q/ ∂ L ∂ K must also
be non-negative. Thus in the two-factor constant returns case, an increase in robotic capital cannot lead to a decrease in the
human wage. 6 
This is routine basic economics, and the debate over the impact of AI on wages would be settled if there was noth-
ing else to consider. However, different possibilities arise for cases in which there are three factors of production. The
factors considered here will be human labor, robotic labor, and ordinary capital, but similar complications arise for any
three (or more) factors. Suppose we take ordinary capital to be a ﬁxed factor and human and robotic labor 7 to be sub-
stitutes with an as yet unspeciﬁed degree of substitutability. In some cases, a normal, well-behaved production function
can allow a fall in the human wage caused by an increase in robotic labor, while for other production functions this will
not occur. If, for example, the production function is Cobb-Douglas with Q = L αM βK γ (with M measuring robotic labor),
∂ w/ ∂ M = α β L α – 1 M β – 1 K γ , which is always positive. However, with a production function having slightly more ﬂexibility
in parameterizing the substitutability between the factors it is possible that ∂ w/ ∂ M < 0. This is most easily seen by giving
the production function a speciﬁc form: 
Q = 
{ 
β
[(
θL 
σ−1 
σ + ( 1 − θ ) M σ−1 σ
) σ λ
σ−1 
] η−1 
η
+ ( 1 − β) K η−1 η
} η ε 
η−1 
(1) 
This is a two-level nested Constant Elasticity of Substitution (CES) production function. Human labor L and robotic labor
M form a composite input, with the elasticity of substitution σ between them. Then this composite input is combined with
ﬁxed capital K by a CES function with an elasticity of substitution η between the composite input and K . The ranges of the
parameters σ and η are 0 < σ < ∞ and 0 < η < ∞ . The parameters θ and β are distribution parameters that range between
0 and 1 and specify how returns to the different factors are allocated. The scale parameters of the two levels are λ and ε. 
The full expression for ∂ w/ ∂ M is rather complicated, 8 but its sign can be determined after some simpliﬁcations. First
note that the units of L, M , and K are entirely arbitrary, so they can be chosen so that L = 1, M = 1, and K = 1 at the initial
point where the derivatives are taken. With this simpliﬁcation, we see that 
∂w 
∂M 
= −β( −1 + θ ) θλ( η + ( −η + ( −1 + β + η + β( −1 + ) η) λ) σ ) 
ησ
(2) 
Factoring out the positive multiplicative terms β , θ , (1 – θ ), λ, ε, 1/ η, and 1/ σ will not affect the sign of ∂ w/ ∂ M, so
collecting the remaining terms, 
Sign [ ∂ w/∂ M ] = Sign [ η + ( −η + ( −1 + β + η + β( −1 + ) η) λ) σ ] (3) 
If there are constant returns at both levels ( λ= 1 and ε =1), Eq. (3) simpliﬁes to 
Sign [ ∂ w/∂ M ] = Sign [ η + ( β − 1 ) σ ] (4) 
Because 0 < β < 1, the sign of ∂ w/ ∂ M can be positive or negative, depending on the relative magnitudes of the two
elasticities of substitution. If, for example, 9 η = 0.5, β = 0.6, and σ = 2, then Sign[ ∂ w/ ∂ M ] < 0 and expansion of the robotic
labor force would result in a decline in the human wage. 10 
Eq. (4) gives the sign of ∂ w/ ∂ M at the initial point of measurement with L = 1, M = 1, and K = 1, but the derivative can
also be negative at some distance from this initial point. With the anticipation that M will grow more rapidly than either L
or K (see Nordhaus, 2007 ), Table 1 gives values for the critical σ ∗ from Eq. (4) such that if σ > σ ∗, ∂ w/ ∂ M < 0, for various
combinations of η, M, and θ (with β = 0.6 and holding L and K constant at their initial values). At the initial point with
M = 1, the critical σ ∗ do not depend on θ because the terms in θ can be factored out of the equation for ∂ w/ ∂ M ( Eq. (2) ). In5 For the two-factor production function, the formal deﬁnition is σ = [ d log( K/L )]/[ d log R ] where R = – dK/dL (for constant Q , i.e., along an isoquant) 
( Allen 1968 , noting that this elasticity was introduced by Hicks (1932) ). Blackorby and Russell (1989) show that with more than two factors, the Hicks/Allen 
deﬁnition is inappropriate in general. Here and in the remainder of the paper, “elasticity of substitution” will be used to refer to particular parameters in 
speciﬁed functions, so there should be no confusion about the concept. 
6 For a simple CES production function with elasticity of substitution η and scale parameter λ, ∂ w/ ∂ K will be positive as long as 1 + ( λ – 1) η > 0. This 
is guaranteed provided that λ ≥ 1, i.e., the production function exhibits constant or increasing returns to scale. Therefore ∂ w/ ∂ K > 0 is the only important 
2-factor possibility because constant or increasing returns are the only realistic cases for an aggregate production function. 
7 Note the terminology shift from robotic capital to robotic labor . This makes no difference in the mathematics, but serves to emphasize that the focus 
will be on the substitutability between humans and robots. 
8 Mathematica calculates the derivatives in a fraction of a second. The full expression for ∂ w/ ∂ M is several lines long. 
9 For purposes of this illustration, data on the share of the variable input is taken as the adjusted wage share of GDP at current factor cost, from the 
European Commission’s “Annual macro-economic database” (2015). The 2013 average for the countries in the EU-28 augmented by the United States, Japan, 
Canada, Switzerland, Norway, Iceland, Mexico, Korea, and Australia was 60.1%. The EU wage share was 63.6% and the U.S. wage share was 60.8%. 
10 Krusell et al. (20 0 0) estimate a 4-factor production function in which skilled labor, unskilled labor, capital equipment, and skilled labor enter as a 
CES function similar in form to equation (1) , with unskilled labor and capital equipment making up the composite factor. They estimate an elasticity of 
substitution between the composite factor and skilled labor of 0.67, and between the two elements of the composite factor of 1.67. Their model is able to 
track changes in the skill premium from the 1960s through the 1980s. 
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Table 1 
Values of σ ∗ such that if σ > σ ∗ , ∂ w/ ∂ M < 0, from Eq. (4) . 
θ = 0.5 θ = 0.9 
η = 0.4 η = 0.5 η = 0.6 η = 0.4 η = 0.5 η = 0.6 
M = 1 1 .00 1 .25 1 .50 1 .00 1 .25 1 .50 
M = 2 0 .77 1 .03 1 .31 0 .94 1 .20 1 .46 
M = 3 0 .69 0 .94 1 .21 0 .91 1 .17 1 .43 
M = 4 0 .66 0 .89 1 .15 0 .89 1 .15 1 .41 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 the other cases, a higher value of θ is associated with a slightly higher value of σ ∗ for each ( η, M ) combination. In all cases,
however, the values of σ ∗ such that σ > σ ∗ implies ∂ w/ ∂ M < 0 are not implausible for AIs that overlap human capabilities.
If there are economies of scale at either or both levels, the sign of ∂ w/ ∂ M given by Eq. (3) can also be positive or
negative, depending on the parameters. A bit of calculation shows that ∂ w/ ∂ M can be negative for reasonable values of the
increasing returns parameters. For example, if λ = 1.1, ε = 1.3, β = 0.6 and η = 0.6, then ∂ w/ ∂ M < 0 for any value of σ greater
than about 2.3; if λ = 1.2, ε = 1.1, β = 0.6 and η=0.6, ∂ w/ ∂ M < 0 for any value of σ greater than about 1.9. The model of
Eq. (1) is not the primary focus of this paper, so it is not necessary here to show more elaborate numerical explorations of
the parameter ranges that lead to negative values for ∂ w/ ∂ M. 
There is an extensive literature over the 75 years since the CES production function was introduced ( Arrow et al., 1961 )
attempting to estimate the elasticity of substitution between labor and capital. The estimates are subject to statistical dif-
ﬁculties (e.g., measurement error, endogeneity, speciﬁcation error) as well as problems that arise if technological change is
biased towards labor or capital. A recent survey by Chirinko (2008) discusses the estimation issues, and reports the results
of 33 separate estimates of η. He concludes that “[w]hile some estimates of η are above one, the weight of the evidence
suggests that η lies in the range between 0.40 and 0.60” (p. 681). 11 In an introductory essay to the special issue of the
Journal of Macroeconomics that contains Chirinko’s survey, Solow (2008) notes that while macroeconomists often use the
Cobb-Douglas speciﬁcation “for easy, neat results,” it is also the case that “more nearly micro-based research has been lean-
ing towards ﬁnding elasticities of substitution less than one” (p. 602). 12 No attempt will be made to review this literature
here, because the estimation technique introduced by Houthakker avoids many of the problems that plague the more com-
monly used methods. Nevertheless, the literature suggests parameter values that can easily give rise to a negative ∂ w/ ∂ M in
simple aggregate production models. 
3. The Houthakker model 
While the elementary models examined so far can offer insights, the estimation problems in attempting to implement
them are severe, and there is no consensus as to the value of the aggregate elasticity of substitution between labor and
capital. In addition, moving directly from the production function (and/or its associated ﬁrst-order optimization conditions)
suffers from a fundamental defect: regardless of what one believes about the characterization of production at the level
of individual ﬁrms, the conditions required for the existence of an “aggregate production function” are too stringent to be
plausible for describing a real economy. This has been understood since the 1960s; a series of papers by Franklin Fisher
(collected in Fisher, 1993 ) demonstrates this beyond a reasonable doubt. The problems are many and varied; an accessible
survey is given by Felipe and Fisher (2003) , while a recent treatment with a somewhat different emphasis is Felipe and
McCombie (2015) . Firms, even at the micro level, are not fully optimized, yet the notion of a ﬁrm-level production function
requires that a decision-maker of some kind is optimizing the inputs to produce output; at the aggregate level there is no
such optimizing agency (and only fully competitive markets with full information available to all, no economies of scale,
and no externalities could substitute for an optimizer). Additionally, the measurement of capital is notoriously diﬃcult. One
aspect of the diﬃculty was manifested in the “Cambridge controversy” over the measurement of “capital”, but that is not
the only one. 13 Accounting values will not suﬃce, because technological change can make existing equipment worthless.
Factories making mechanical calculating machines were rendered obsolete by modern computers; early mainframes, which
embodied very large capital investments, were consigned to the scrap heap by successive generations of smaller, faster com-
puters. Nor would it be possible to allow each type of ﬁxed capital to enter the production function separately, because then11 Chirinko uses the symbol σ to denote what is being called η in the text, so the notation in the quotation from Chirinko’s article has been changed 
appropriately. 
12 Solow also notes that the lower estimates of η “may reﬂect the likelihood that more narrowly-based estimates… contain less in the way of demand- 
inﬂuenced compositional effects” (p. 602). 
13 The essence of the Cambridge controversy was that physical assets cannot properly be aggregated into a “capital” input measured by value because 
doing so involves circularity – the price of an asset depends on the discounted stream of returns it produces. Therefore you have to know the discount 
rate, i.e., the price of capital, before you can calculate its price. For a recent treatment, see Cohen and Harcourt, 2003 ; see also the separately authored 
Comments on this paper in the same journal by Pasinetti, Fisher, Felipe and McCombie, and Greenﬁeld (2003) . It hardly needs to be said that the Cam- 
bridge controversy has never been fully resolved. Chirinko (2008) comments that “in many general equilibrium models, the interest rate is determined by 
preference parameters invariant to movements in the capital stock and, in these models, equality between the rate of interest and the marginal product of 
capital is achieved by variations in non-capital factors of production” (p. 673). 
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 one would be faced with the daunting task of cataloguing the very large number of different kinds of equipment, as well
as the essentially impossible problems of measuring intangible ﬁxed factors such as entrepreneurial skill and organizational
structure. 
Although there are reasons to be skeptical about the aggregation of labor and output (index number problems, labor
immobilities and the human capital character of many skills and capabilities), it is possible at least to sidestep the problems
with capital aggregation using an approach that was discovered ﬁrst by Houthakker (1955–56) , and developed by Levhari
(1968), Johansen (1972) , and Sato (1975) . Solow (1967) offered a clear exposition of the Houthakker’s model, and expressed
“the hope that someone will take it up and push it further” (p. 46). Houthakker’s idea also has been employed by Cornwall
(1971), Rosen (1978), Jones (2005) , Dupuy (2008) , Lagos (2006) , and Mangin (2015) in a variety of contexts. The Houthakker
conditions for existence of production functions with a single homogeneous output and a single variable input are that (a)
the different ﬁrms all have Leontief (ﬁxed proportions) production functions and (b) the distribution of productivities across
these ﬁrms with respect to the variable input is stable. There needs to be no aggregation of “capital” at all; the ﬁxed factors
essentially can be ignored while attention is focused on the distribution of productivities of the variable input. In the present
application, human and robotic labor are combined to make up the single (composite) variable input so that attention can
be focused primarily on the substitutability between human and robotic labor. 
The mathematical setup of Eqs. (5) and (6) below follows Solow (1967) and Levhari (1968) . Each producing unit (called
a “cell” in Houthakker’s terminology) produces one unit 14 of output with a requirement t of the variable input that varies
from cell to cell. If the rate of compensation to the variable factor is p , then all cells with t p ≤ 1 will produce a unit of
output, while any cell for which t p > 1 will produce no output. The cells are small, so that they can be characterized as
having a continuous probability density function g ( t ). Then the two basic equations of the model are for aggregate output
Q : 
Q = 
∫ 1 /p 
0 
g ( t ) dt (5) 
and for the total input of the variable factor X : 
X = 
∫ 1 /p 
0 
t g ( t ) dt (6) 
Houthakker showed that these equations combined with a Pareto density function g lead to an aggregate production
function that is Cobb–Douglas in form, while Levhari started from a CES production function and worked backwards to
derive the underlying density function g giving rise to the CES form. It is a remarkable fact that almost any PDF g can be
used to derive a corresponding production function (subject only to the restriction that the domain of the density function
is [0, ∞ ), of course). The values of Q and X will be parametric functions of p . Both Houthakker and Levhari eliminated this
parameter to get Q as a function of X and the (unmeasured) ﬁxed factors, but for present purposes it is not necessary to
eliminate the p parameter. The return to the ﬁxed factor(s) is simply the residual left over after human and robotic labor
ha ve been compensated. 
It simpliﬁes the calculations to let u = 1/ p . Then by the fundamental theorem of calculus, dQ/du = g ( u ) and dX/du = u g ( u ).
Then 
dQ 
dX 
= d Q/d u 
d X/d u 
= g ( u ) 
u g ( u ) 
= 1 
u 
= p (7) 
as it would with marginal productivity factor pricing, because p is the rate of compensation of the variable factor. This factor
exhibits diminishing returns: 
d 2 Q 
d X 2 
= d 
dX 
[
dQ 
dX 
]
= 
d 
du 
[
dQ 
dX 
]
dX 
du 
= −
1 
u 2 
u g ( u ) 
= −1 
u 3 g ( u ) 
= − p 
3 
g ( 1 /p ) 
(8) 
Diminishing returns follows from the fact that the rightmost term of (8) is negative. The density function g that enters
this expression can be estimated from real-world data; that is how empirical estimates of relationships connecting the
factors of production can be obtained. In particular, we want to examine what happens to the wage of human workers
when the input of robots is increased. 
Specify the variable factor to be a composite of human and robotic labor, X = X ( L,M ), where L is human labor and M
is robotic labor. The rate of compensation to human labor is w = ∂ Q / ∂ L. Then the marginal change in the wage rate with
respect to a change in the amount of robotic labor is given by: 
∂w 
∂M 
= ∂ 
∂M 
[
∂Q 
∂L 
]
= ∂ 
∂M 
[
dQ 
dX 
∂X 
∂L 
]
= ∂X 
∂L 
∂ 
∂M 
(
dQ 
dX 
)
+ dQ 
dX 
∂ 2 X 
∂ L∂ M 14 This is not restrictive if the output of each cell is measured in dollars, because the productivity of each cell can be normalized by dividing numerator 
and denominator by the value of the numerator. The shape of the underlying distribution of productivities will not be affected. 
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Fig. 1. Histogram of labor productivity with best-ﬁtting lognormal, 5-digit sectors from BLS data. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 = ∂X 
∂L 
d 
dX 
(
dQ 
dX 
)
∂X 
∂M 
+ dQ 
dX 
∂ 2 X 
∂ L∂ M 
= ∂X 
∂L 
∂X 
∂M 
d 2 Q 
d X 2 
+ dQ 
dX 
∂ 2 X 
∂ L∂ M 
(9)
Combining this with the parametric expressions (7) and (8) , we obtain 
∂w 
∂M 
= ∂X 
∂L 
∂X 
∂M 
[ 
−p 3 
g 
(
1 
p 
)
] 
+ p ∂ 
2 X 
∂ L∂ M 
(10)
Eq. (10) gives ∂ w/ ∂ M in terms of p, g, and the parameters of the composite input function only. The ﬁrst term in the sum
on the right-hand side of (10) is always negative, while the second term of the sum will be positive if ∂ 2 X / ∂ L ∂ M is positive,
so ∂ w/ ∂ M may be positive or negative depending on the form of X . 
This formulation also allows for output to increase as the input of robotic labor increases. Eq. (10) therefore can serve
as the basis for estimating the dependence of ∂ w/ ∂ M on the elasticity of substitution between L and M for various values
of p . This can be done for any distribution g, speciﬁcally those that ﬁt the data on the distribution of productivities
across ﬁrms or industries, without making any assumptions about the measurement of capital or the other ﬁxed factors
that enter the production process. While this procedure does not completely solve the aggregation problem (because of
the issues with aggregation of labor and output), it does avoid the most serious diﬃculties, those associated with capital
aggregation. 
4. Illustration of the empirical methodology 
The Houthakker estimator can be implemented using productivity data from the U.S. Bureau of Labor Statistics web-
site (2015) . The BLS provides yearly data at the 5-digit sectoral level for output (in millions of dollars per annum) and
employment (in thousands of employees). The productivity distribution was estimated from data on the 154 industries at
the 5-digit level using the 2013 data. Petroleum reﬁning (SIC 32411), tobacco manufacturing (SIC 31223), and drug and
druggist/sundries merchant wholesalers (SIC 42421) were deleted as the three most extreme outliers. The units for labor
productivity were (millions of dollars per thousand employees)/100, although the speciﬁc units do not matter for estimating
the shape of the PDF. 
Fig. 1 gives a histogram of the labor productivities of the 5-digit sectors, along with the Lognormal distribution that best
ﬁts the data using Mathematica’s built-in function EstimatedDistribution. The estimation method is maximum-likelihood.
The estimated mean and standard deviation of this best-ﬁtting Lognormal distribution are μ = 0 . 794 and ν = 0 . 774 . 
Up to this point, the functional form of the composite input X has not been speciﬁed. Now let it be of the CES form, 
X = A 
[ 
θ L 
σ−1 
σ + ( 1 − θ ) M σ−1 σ
] σ
σ−1 
(11)
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Fig. 2. 3D plot of the sign of ∂ w/ ∂ M as a function of p and σ . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 where σ is the elasticity of substitution between L and M and A is a scaling factor. Nothing in the derivation of Eq. (10) de-
pends on the speciﬁc form of the composite variable factor X . The scaling factor must be introduced to make the parametric
expression for X (from Eq. (6) ) consistent with the expression for X as a function of L and M ( Eq. (11) ). 
The quantities Q and X are parametric functions of p that depend only on the underlying productivity distribution (from
Eqs. (5) and (6) ), but the data impose a further restriction on these variables. The share of compensation of X in total
output is empirically known, because the relationship ( p X) / Q = s , where s is the actual employment share, must hold at
the initial point from which the derivatives are to be calculated. Assuming that the number of robotic employees initially is
negligible, this share was 0.608 for the U.S. in 2013, with s measured as the adjusted wage share of GDP at current factor
cost ( European Commission, 2015 ). The value of p that reproduces this share is p = 0.498. The units of p are determined by
the units of productivity that are used when estimating the productivity distribution function, and this particular value of
p depends also on the ﬁtted productivity distribution. Furthermore, at the initial point from which the partial derivatives
are calculated (with L = 1 and M = 1) the expression for the composite input as a function of L and M ( Eq. (11) ) must agree
with the value of X computed as a parametric function of p at the initial point. This allows calculation of the scaling factor
A = 0.550. This value of A is speciﬁc to the empirically ﬁtted productivity distribution. 
Using this value of A in Eq. (11) and the parameters of the best-ﬁtting Lognormal productivity distribution for g , the
empirical version of Eq. (10) at the initial point with units chosen so that L = 1 and M = 1 (showing only three decimal
places to reduce visual clutter) is: 
∂w 
∂M 
= −0 . 196 e ( 1 . 273 −0 . 913 Log [ 1 p ] ) 
2 
p ( 1 − θ ) θ + 0 . 550 p ( 1 − θ ) θ
σ
(12) 
The parameter θ enters both terms of the right-hand sum symmetrically as (1 – θ ) θ , and 0 < θ < 1, so the θ terms can
be factored out without affecting the sign or shape of ∂ w/ ∂ M . The sign of ∂ w/ ∂ M can then be expressed as: 
Sign 
[
∂w 
∂M 
]
= Sign 
[ 
−0 . 196 e ( 1 . 273 −0 . 913 Log [ 1 p ] ) 
2 
p + 0 . 550 p 
σ
] 
(13) 
A three-dimensional plot of bracketed term on the right-hand side of (13) is shown in Fig. 2 . In this Figure, σ ranges
from 0 to 3; p ranges from 0.05 to 0.5. (These ranges are suﬃcient to exhibit the essential shape of the surface.) The curved
surface is the plot of Sign[ ∂ w/ ∂ M ] of Eq. (13) , while the horizontal plane gives the zero value along the vertical axis of the
plot. For points on the surface below the zero horizontal plane, ∂ w/ ∂ M < 0. At the value of p corresponding to the current
employees’ share, the point on the { σ , p } surface that intersects the zero plane is {1.867, 0.498}. This point is marked in
Fig. 2 by the label σ ∗. The signiﬁcance of this point is that, starting with the economy where it is today, any elasticity of
substitution between human and robotic labor greater than 1.867 will result in ∂ w/ ∂ M < 0. The point at which σ reaches
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Table 2a 
Results with various distributions, productivity measured as value of output per employee. 
Distribution [Fitted parameters] Goodness-of-ﬁt tests σ ∗ σmax 
Name of test Test statistic P-value 
Lognormal [ μ, ν] [0.794, 0.774] Anderson–Darling 0 .370 0 .432 
Cramér–von Mises 0 .051 0 .507 
Kolmogorov–Smirnov 0 .048 0 .538 1 .867 2 .798 
Kuiper 0 .079 0 .506 
Pearson χ2 10 .632 0 .561 
Watson U 2 0 .048 0 .492 
2-Parameter Weibull [ α, β] [1.2506, 3.279] Anderson–Darling 3 .209 0 .0 0 0 
Cramér–von Mises 0 .490 0 .0 0 0 
Kolmogorov–Smirnov 0 .098 0 .001 
Kuiper 0 .171 0 .0 0 0 — —
Pearson χ2 32 .934 0 .001 
Watson U 2 0 .452 0 .0 0 0 
3-Parameter Weibull [ α, β , γ ] [1.086, 2.815, 0.304] Anderson–Darling 1 .825 0 .340 
Cramér–von Mises 0 .288 0 .318 
Kolmogorov–Smirnov 0 .083 0 .331 1 .944 7 .611 
Kuiper 0 .150 0 .293 
Pearson χ2 26 .026 0 .311 
Watson U 2 0 .280 0 .319 
Gamma [ α, β] [1.748, 1.730] Anderson–Darling 2 .237 0 .0 0 0 
Cramér–von Mises 0 .370 0 .0 0 0 
Kolmogorov–Smirnov 0 .095 0 .002 — —
Kuiper 0 .135 0 .006 
Pearson χ2 18 .921 0 .090 
Watson U 2 0 .263 0 .001 
Generalized Gamma [ α, β , γ , μ] [9.609, 0.004, 0.363, 0.215] Anderson-Darling 0 .549 0 .119 
Cramér–von Mises 0 .081 0 .143 
Kolmogorov–Smirnov 0 .059 0 .142 1 .855 3 .156 
Kuiper 0 .096 0 .181 
Pearson χ2 16 .750 0 .137 
Watson U 2 0 .080 0 .147 
Pareto [ k, α] [0.306, 0.505] Anderson-Darling 26 .471 0 .0 0 0 
Cramér–von Mises 5 .183 0 .0 0 0 
Kolmogorov–Smirnov 0 .331 0 .0 0 0 — —
Kuiper 0 .466 0 .0 0 0 
Pearson χ2 165 .566 0 .0 0 0 
Watson U 2 3 .559 0 .0 0 0 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 its maximum along the locus where the { σ , p } surface intersects the zero plane is marked as σmax . The signiﬁcance of this
point is that an elasticity of substitution greater than σmax implies ∂ w/ ∂ M < 0 no matter what the value of p is. In Fig. 2 ,
σmax = 2.798. The conclusion is that for not-very-high values of the elasticity of substitution between human and robot
labor, the proliferation of robots will reduce aggregate wages, ceteris paribus . Starting from the economy at its current
position, any σ greater than about 1.9 implies wage decline, and even for different values of the parameter p , any value of
σ greater than about 2.8 implies a reduction in the human wage as robotic labor increases. 
5. Other distributions, different data 
The Lognormal is a natural candidate for ﬁtting a continuous distribution to the productivity data because it has a pattern
of rising to a peak and then falling, with a long right-hand tail. The Lognormal is not the only distribution with this shape,
however; the Weibull, Gamma, and Generalized Gamma distributions all exhibit the same pattern. Therefore it is possible
to ﬁt any of these distributions to the data in addition to the Lognormal. Furthermore, the BLS data can also be used to
compute productivity at the 5-digit level per hours worked as well as per employee. 
Table s 2a and 2 b give estimates of the best-ﬁtting PDF for various distributions. The parameters of the ﬁtted distributions
were estimated by maximum-likelihood. Standard statistics testing the goodness of ﬁt of the hypothesized PDFs are given
in the second columns of Table s 2a and 2 b . Descriptions of these tests are contained in the Mathematica documentation
( Wolfram Research, Inc., 2015 ). Low Probability-values indicate that it is possible to reject the null hypothesis that the data
came from the estimated distribution, with small probability of Type I error. In Table 2a , productivity is measured as value
of output per employee, while in Table 2b it is measured as value of output per hours worked. The Lognormal, 3-parameter
Weibull, and Generalized Gamma distributions cannot be rejected as the distribution underlying the data at the 1% level;
the Gamma, 2-parameter Weibull, and Pareto distributions can be rejected with very low ( < 1%) probabilities of Type I
error. Mathematica’s “Automatic” method of correcting the P-values, which accounts for the fact that the parameters of
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Table 2b 
Results with various distributions, productivity measured as value of output per hours worked. 
Distribution [Fitted parameters] Goodness-of-ﬁt tests σ ∗ σmax 
Name of test Test statistic P-value 
Lognormal [ μ, ν] [0.217, 0.684] Anderson–Darling 0 .523 0 .184 
Cramér–von Mises 0 .073 0 .261 
Kolmogorov–Smirnov 0 .047 0 .571 1 .737 2 .036 
Kuiper 0 .086 0 .354 
Pearson χ2 10 .225 0 .596 
Watson U 2 0 .069 0 .248 
2-Paremeter Weibull [ α, β] [1.378, 1.761] Anderson–Darling 3 .977 0 .0 0 0 
Cramér–von Mises 0 .611 0 .0 0 0 
Kolmogorov–Smirnov 0 .106 0 .0 0 0 
Kuiper 0 .185 0 .0 0 0 — —
Pearson χ2 31 .285 0 .002 
Watson U 2 0 .574 0 .0 0 0 
3-Parameter Weibull [ α, β , γ ] [1.086, 2.815, 0.304] Anderson–Darling 2 .811 0 .089 
Cramér–von Mises 0 .431 0 .017 
Kolmogorov–Smirnov 0 .091 0 .028 2 .051 6 .753 
Kuiper 0 .169 0 .024 
Pearson χ2 25 .921 0 .031 
Watson U 2 0 .416 0 .013 
Gamma [ α, β] [2.168, 0.734] Anderson–Darling 2 .356 0 .0 0 0 
Cramér–von Mises 0 .375 0 .0 0 0 
Kolmogorov–Smirnov 0 .093 0 .002 — —
Kuiper 0 .134 0 .007 
Pearson χ2 18 .768 0 .094 
Watson U 2 0 .274 0 .001 
Generalized Gamma [ α, β , γ , μ] [7.313, 0.021, 0.482, 0.102] Anderson–Darling 0 .912 0 .407 
Cramér–von Mises 0 .135 0 .439 
Kolmogorov–Smirnov 0 .058 0 .678 1 .832 2 .485 
Kuiper 0 .107 0 .253 
Pearson χ2 12 .013 0 .605 
Watson U 2 0 .126 0 .167 
Pareto [ k, α] [0.306, 0.505] Anderson–Darling 33 .201 0 .0 0 0 
Cramér–von Mises 6 .644 0 .0 0 0 
Kolmogorov–Smirnov 0 .362 0 .0 0 0 — —
Kuiper 0 .520 0 .0 0 0 
Pearson χ2 236 .914 0 .0 0 0 
Watson U 2 4 .731 0 .0 0 0 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 the ﬁtted distribution are estimated but not known, was used except in the cases of the 3-parameter Weibull and the
Generalized Gamma distributions. For those distributions, Mathematica’s “Monte Carlo” method was used to compute the 
P-values because the “Automatic” method does not yield valid P-values. (The Monte Carlo estimates of the P-values were
not substantively different from the Automatic values in the cases of the other distributions.) 
Thus, the data make it possible to discriminate among the candidate underlying productivity distribution PDFs. The Pareto
decreases monotonically and does not exhibit the rising and falling pattern evident in the histogram of the data. Neverthe-
less, it was estimated because of the importance of Houthakker’s result that an underlying Pareto distribution of productiv-
ities implies an aggregate Cobb–Douglas production function. The tests reported in Table s 2a and 2 b reject the Pareto with
P-values less than 0.0 0 0 01, hence it can be concluded that the Cobb–Douglas is not an appropriate form for the aggregate
production function for the United States. 
Table s 2a and 2 b also show the values for σ ∗ and σmax for the three ﬁtted distributions that are not rejected by the
data. The most salient entries in Table s 2a and 2 b are the six estimates of σ ∗, which are set off in boldface type. These
estimates range from a low of 1.737 to a high of 2.051. If the economy exhibits an elasticity of substitution between human
and robotic labor greater than a value within this range, proliferation of robots will reduce the human wage. 
A greater degree of disaggregation is possible for the U.S. manufacturing sector. The U.S. Census Annual Survey of Man-
ufactures ( United States Census 2014 ) gives data for value added, total value of shipments and receipts for services, and
number of employees for 359 manufacturing industries (NAICS 31–33) at the 6-digit level. Productivity can be calculated as
value added per employee or total value of shipments and receipts for services per employee. This enables calculation of σ ∗
and σmax for the elasticity of substitution between humans and robots using the same methods that underlie Table s 2a and
2 b (again excluding the three most extreme outliers). 
For the sample of the 6-digit industries, however, the estimated distributions do not ﬁt the data as well as in the 5-digit
cases. The goodness-of-ﬁt tests mostly reject the ﬁtted distributions at the 1% or 5% levels. This may be a consequence of
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 the larger sample sizes for the 6-digit industries. The estimated Lognormal and Generalized Gamma distributions do again
appear to track the histograms of the two productivity measures, however. (Both of these histograms exhibit the rising then
falling pattern with a long right tail.) It is interesting to compare the values of σ ∗ and σmax derived from the estimated
Lognormal distributions, which seem to ﬁt the data best. The calculations show that σ ∗ = 0.191 if productivity is measured as
value added per employee, and σ ∗ = 0.295 if productivity is measured as (total value of shipments and receipts for services)
per employee. The corresponding values of σmax are 0.763 and 0.704, respectively. Wage decline with values of the elasticity
of substitution between humans and robots this low highlights the vulnerability of human labor to replacement by robots in
manufacturing. Of course, if M is taken to represent not robotic labor but instead foreign labor, it is evident that offshoring
of manufacturing will cause a fall in domestic manufacturing wages, even if the foreign workers are not particularly good
substitutes for domestic labor. These estimates for the manufacturing sector should be interpreted cautiously until better
ﬁtted distributions can be found, however. 
6. Discussion and concluding remarks 
The best-ﬁtting distributions for the 5-digit productivity samples suggest that if the elasticity of substitution between
human and robotic labor is greater than the 1.7–2.1 range, proliferation of robots will have a depressing effect on human
wages. This range is not high as elasticities of substitution among relatively substitutable factors go; Acemoglu and Au-
tor (2012) report that the elasticity of substitution between college graduate workers and noncollege workers was about 1.6
over the period 1963 through 1987 and 2.9 for the longer period 1963 through 2008. (They also cite ( Katz and Murphy’s
1992) earlier estimate of about 1.4 for this elasticity.) It remains to be seen whether the gap in capabilities between humans
and advanced AIs will be greater or less than the gap between college-educated and non-college workers, but as of 2016, AIs
are able to drive cars and trucks, defeat human champions in chess, checkers, Jeopardy! , Scrabble, and Go, take orders and
serve food in restaurants, teach exercise classes in a retirement home, advise doctors on symptoms and treatments of partic-
ular diseases, deliver packages, take the place of welders, inspect dangerous offshore oil rigs, and write political speeches. 15
Military robots of various types are likely to become ubiquitous in combat roles by mid-century ( Kott et al., 2015 ). Studies
have been carried out attempting to assess the likelihood that AIs will replace humans in particular occupations ( Frey and
Osborne, 2013; CEDA, 2015; Citi, 2016 ), with estimates that 40–50% of the workforce (or more in some developing countries)
is vulnerable to replacement over the next couple of decades. 
It should be emphasized that the comparative statics results of Sections 4 and 5 do not necessarily imply that the spread
of robots will cause a general decline in the well-being of workers. If the labor supplied to the market depends positively
on the wage, the change in wages brought about by an increase in M would be attenuated somewhat, because the fall in
the wage would be counteracted by a voluntary decrease in total employment. Perhaps more importantly, proliferation of
AI might shift workers’ preferences in the direction of offering less labor to the market for any given wage, because robots
could take over some of the tasks that are now frequently purchased. Availability of low-cost household robots could reduce
the need to earn money income to hire house cleaning or elder care services, for example. Estimation of the effects of AI
on labor supply should be the subject of further research. 
Aside from any uncertainty about the economic parameters, it is safe to presume that the power and capability of AI
systems will increase dramatically in the future. Nordhaus (2007) has gathered historical information on the growth of com-
puting power. His estimates are based on real data, and do not incorporate hypothetical developments or suffer from the ex-
cesses of optimism so often found in the AI literature. He estimates that in the twentieth century, computer “[p]erformance
in constant dollars has improved relative to manual calculations by a factor in the order of 2 ×10 12 (2 trillion). Most of the
increase has taken place since 1945, when the average rate of improvement has been 45 percent per year” (p. 156). There
have been no signs of a slowdown since publication of Nordhaus’ paper, and there is every reason to expect that this kind
of growth will continue. The economic and military advantages of being the ﬁrst to build a strong AI are enormous, and
research to this end can be and is being carried out in a decentralized way. There is no need to mount a Manhattan Project
or Apollo-scale massive government program to foster AI development (although it is certain that governments around the
world are assiduously pursuing AI and robotics for their military applications). 
What does the future hold for wages and employment as the capabilities of AIs increase? Expansion of AIs’ skill sets
(which in the terminology of the paper entails increases in the elasticity of substitution between AIs and humans) is likely
to depress wages over time. This will increase measured inequality unless the returns to robotic assets are broadly spread
across the population . Yet it is not clear how this spreading of the returns might come about. 
The concept of a “shared market economy” in which capital ownership (including AI capital) is widely distributed has
been described by Murphy (2009); Ford (2009) visualizes a gradual transition to an automated economy in which “con-
sumption is largely decoupled from individual participation in production [i.e., labor]” (p. 205); and Hanson notes that his
“model seems to conﬁrm the intuition that machine intelligence has Malthusian implications for population and wages.
Note, however, that these results may be consistent with a rapidly rising per-capita income for humans, if humans retain a
constant fraction of capital, perhaps including the wages of machine intelligences, either directly via ownership or indirectly
via debt” (2001, p. 6; see also Hanson (2008) ). 15 See Bostrom (2014) for the AIs’ capabilities in games other than Go and Kassarnig (2016) for political speechwriting; the variety of AIs’ achievements 
in other activities is drawn from articles appearing in the popular press. 
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 It is diﬃcult to see how such widespread distribution of the returns to robotic assets could be achieved in a benign way,
however. Large-scale taxation and redistribution schemes have adverse effects on effort and innovation, and would entail
expansion of government power to the point where economic outcomes would essentially be determined by the political
process. Aside from the abuses that would accompany such centralization of power, well-being is negatively associated with
unemployment ( Clark and Oswald, 1994; Frey, 2008 ). People derive satisfaction and identity from being productive prior
to retirement, that is, “[w]hile the social norm for people of working age prescribes that all able-bodied people should be
employed, the social norms for the retired do not contain such expectations” ( Hetschko et al., 2014 , p. 150). 
At the same time, it is not easy to visualize policies that could non-coercively induce people to invest in robotic assets
(or other forms of capital for that matter). Large segments of the population have little or no savings, and recent research
suggests that if there are time-inconsistent citizens (i.e., consumers who lack budgetary self-control) “some of the policies
that have been advocated in the prior literature (such as facilitating instruments of commitment like illiquid assets) may
backﬁre in a world where government policy is endogenous” ( Bisin, Lizzeri, and Yariv, 2015 , p. 1712). Essentially, vote-
seeking politicians have an incentive (and the ability) to use government debt to offset any attempt to force consumers to
make present-day savings commitments. 
The expansion of AI into the economy is going to take place regardless of any policy measures or uneasiness on the
part of the public, AI specialists, or economists. It remains to be seen whether the AIs will bring the beneﬁts extolled by
their promoters, or will inaugurate a dark future (or no future at all) for humanity. Precautionary foresight is not one of
the strong features of contemporary governance structures. What does seem undeniable is that the economic well-being of
those who are children today will depend, for better or worse, on the relationship that evolves between us and our most
fascinating and powerful technological creation. 
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